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A B S T R A C T   

The thermal conductivities of the 3D carbon nanotubes (CNTs), CNT/epoxy resin (CNT/EP) composites, gra-
phene/EP composites and CNT/graphene/EP composites are systematically investigated via mesoscopic simu-
lations using smoothed particle hydrodynamics (SPH) and dissipative particle dynamics (DPD). The effects of the 
CNT length and overall mass density on the thermal conductivity of the CNTs are discussed. Moreover, the in-
fluences of the loading and size of the fillers on the thermal conductivities of the CNT/EP, graphene/EP and 
CNTs/graphene/EP composites are investigated. The results have shown that introducing the CNT and graphene 
fillers simultaneously to the epoxy resin can improve the thermal conductivity of the composites most effectively. 
The study demonstrates that coupled DPD and SPH model is a viable approach to understand the thermal 
conductivities of nanocomposites at a reduced computational cost compared to full atomistic simulation.   

1. Introduction 

Carbon nanotubes (CNTs) and graphene have received considerable 
attention in the area of thermal management due to the ultrahigh 
thermal conductivity of individual carbon nanotube and graphene 
[1–3]. By adding CNTs and graphene, the thermal conductivity of the 
polymer composites can be improved effectively, thus CNTs and gra-
phene are considered as promising fillers to enhance the thermal con-
ductivity of polymer composites [4–6]. As a widely used polymer, epoxy 
resin (EP) has a fairly low thermal conductivity, 0.1–0.3W/(mK), which 
greatly limits their application in thermal management. In recent years, 
extensive studies have been conducted to enhance the thermal con-
ductivities of the CNT/EP, graphene/EP and CNT/graphene/EP com-
posites [7–10]. The thermal conductivities of these composites are 
closely related to the morphology parameters of CNT and/or graphene, 
including inherent size, density and arranged orientation. The thermal 
conductivities of pure CNT or graphene based macroscopic materials can 
be tuned by varying the morphology parameters to fabricate high 
thermal conductivity materials or insulation materials. Although some 
experimental studies [11–13] have reported the influence of 

morphology parameters of the CNT or graphene, they are generally 
hindered by certain limitations in sample preparation and testing. 

Computational approaches such as molecular dynamics (MD) simu-
lation provide an excellent route to characterize materials properties by 
reducing the cost of exhaustive experimentation and by providing 
insightful information at the molecular and microscopic scales not easily 
extracted from experiments. There have been many studies [13–19] on 
the thermal properties of pure CNT and/or graphene and related com-
posites. However, investigating the influence of geometric and micro-
scopic parameters on the thermal conductivity of CNT or graphene 
based materials, especially when CNTs networks are randomly oriented 
or dispersed in polymers and fluids, via MD simulations is still quite 
challenging due to the high computational cost. 

The development of mesoscopic simulation methods, such as the 
dissipative particle dynamics (DPD) [20] and smoothed particle hy-
drodynamics (SPH) [21] provide new route to resolve this problem. 
Compared with MD, DPD can perform simulation over longer length and 
time scales through coarse-grained (CG) techniques. It can model the 
hydrodynamics of complex fluids and materials in the mesoscopic scale. 
Ionita et al. [22] investigated the dispersion homogeneity of SWCNTs in 
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the EP via DPD. DPD has also been used to estimate the dispersibility of 
SWCNTs of various diameters within EP matrices [23,24]. Gooneie et al. 
[25] simulated the dispersions of carbon nanoparticles in polyamide 12 
by DPD and revealed the role of aspect ratios of carbon nanoparticles in 
the dispersion. Zhou et al. [26] studied the dispersion and alignment of 
CNTs in the EP under the equilibrated and shear flow conditions using 
DPD. SPH is a fully Lagrangian meshless technique and has been suc-
cessfully used in many research fields including astrophysics, ballistics, 
and micro fluidics [27–29]. Recently, Zhou et al. [30] reported the 
mesoscopic simulation of thermal conductivity of CNT/polymer com-
posites by coupling SPH and DPD for the first time, where they 
demonstrated this hybrid method can successfully simulate the heat 
conduction of polymer composites. 

In this work, the thermal conductivity of the CNTs bed [11], CNT/EP 
composites, graphene/EP composites and CNT/graphene/EP compos-
ites are investigated via mesoscopic simulations using SPH and DPD. The 
theoretical and experimental studies [11–13,15,18,19,31] suggested 
that the thermal conductivity of CNTs bed is closely related to the 
morphology parameters, e.g., mass density and tube length of CNTs. 
However, how the thermal conductivity varies with these morphology 
parameters is not fully understood. For example, as mentioned by Vol-
kov et al. [16], the experimental results of the thermal conductivities 
reported for 3D isotropic CNT networks are out of range of the pre-
dictions by their proposed theoretical model. The DPD simulations on 
graphene and their based composites are also very limited, and no SPH 
simulations of heat conduction have been conducted in graphene-based 
materials to the best of our knowledge. In addition, experimental studies 
have reported the remarkable synergetic effect between the graphene 
and CNT and/or other nanomaterials fillers in improving the thermal 
conductivity of epoxy composites [32]. Yang et al. [33] investigated the 
improved thermal conductivity by adding multi-graphene platelets 
(MGPs) and multiwalled carbon nanotubes (MWCNTs) into epoxy 
composites. It is found that the MWCNT/MGP/epoxy composites exhibit 
a significant increase in thermal conductivity, as compared with epoxy 
composites with either MGPs or MWCNTs. Zhou et al. [34] also reported 
a better thermal conductivity enhancement performance by adding 
hybrid MWCNTs/micro-SiC filler into the epoxy matrix compared to 
adding either MWCNTs or micro-SiC. 

Here we report for the first time a study on thermal conductivities of 
graphene/epoxy and CNT/graphene/epoxy composite via coupled DPD 
and SPH simulations. The effects of loading, mass density and aspect 
ratio of CNT or graphene on the overall thermal conductivities are 
discussed. 

2. Methodology 

In the DPD simulation, a small region of material (group of atoms) is 
coarse grained (CG) into a single bead, therefore the number of particles 
to be simulated can be greatly reduced compared with full atomistic 
simulations. A soft repulsion between beads i and j is described by a soft 
conservative force Fij

C. In addition, the dissipative and random forces, 
Fij

D and Fij
R, effectively act as a thermostat and result in fast equilibra-

tion to the Gibbs-Boltzmann canonical ensemble. The interactions be-
tween a pair of nonbonded beads are summarized as follows: 

fi =
∑

j∕=i
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ij +FD
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where aij is the repulsion parameter between particles of different type; 
the degree of dispersion is controlled by Δa = aij − aii, where aiiis the 
repulsion parameter between particles of the same type. rij = ri − rj, rij =
⃒
⃒rij
⃒
⃒, and ̂rij = rij/rij; wDand wRare weight functions dependent on r, and 

θij is a white noise function; γ are the coefficients characterizing the 
strengths of the dissipative; σis interpreted as the amplitude of the noise. 
SinceΔa ≥ 0, the smaller Δa means a better solubility of solutes or a 
better dispersion degree of the fillers in the matrix. More detailed 
explanation of the terms can be found in Ref. [35]. 

The CG model of a flexible epoxy resin chain based on bisphenol A (1 
g/cm3 in mass density) is shown in Fig. 1(a). In the DPD model, ten CG 
beads are connected using finitely extensible nonlinear elastic (FENE) 
[36] springs with the bond potential of 

FS
ij =

Hrij

1 −
(
rij
/

rm
)2 (5)  

where H is the spring constant, and rm the maximum permissible length 
of one chain segment. 

The CG models of SWCNT and graphene are built as shown in Fig. 1 
(b) and (c), which follows the model of CNT presented by Liba et al. 
[37]. For both the SWCNT and graphene, 24 carbon atoms are coarsely 
grouped into one bead. Individual particle in the CG model of SWCNT, 
graphene and EP has the same volume of 480 Å3. 

In the CG model of SWCNT and graphene, Hookian spring force is 
used to bond neighboring beads as follows [28,35]: 

UH
ij =KH

(
rij − r0

)2 (6)  

where KH is the spring constant and r0 is the equilibrium distance. 
To account for the stiffness of the tube, angular potential is added in 

the CG model of SWCNT as follows [30,37]: 

UA
i =KA(cos θ − cos θ0)

2 (7)  

where KA is the potential constant, θ is the angle of triplets of neigh-
boring particles, θ0 is the equilibrium angle. The angular potential is not 
employed in the CG model of graphene. 

Packmol software [38] is used to randomly pack the CG SWCNTs, 
graphene nanosheets and EP chains into the simulation box, to build the 

Fig. 1. Coarse-grained models: (a) a flexible epoxy resin chain; (b) SWCNT; (c) 
Graphene nanosheet. (For interpretation of the references to color in this figure 
legend, the reader is referred to the Web version of this article.) 
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models of CNTs, CNTs/EP composites, graphene/EP composites and 
CNTs/graphene/EP composites. 

The configurations generated from DPD simulations are employed as 
inputs for particle-based SPH simulations, in order to calculate the 
thermal conductivity. The SPH model is based on the energy part of 
Navier-Stokes equation given by, 

ρ d
dt

(
|u|
2

2

+ e

)

= ρfu − div(q − τu) (8)  

where ρ is mass density, u is the velocity, e is the internal energy per 
mass, f is the external force, div is divergence operator, q is local heat 
flux density and τ is the surface stress. In the SPH simulation of heat 
conduction, u = 0, f = 0, τ = 0, e = cvT. 

Thermal conductivity in a specific direction can be computed by 
adding a constant amount of heat to one group of particles (hot reser-
voir) and subtracting heat from another (cold reservoir) under periodic 
boundary conditions at a regular interval. The SPH simulation performs 
time integration to update internal energy and local density of the 
particles. Temperature gradient across the simulation domain is estab-
lished after sufficiently long time. Thermal conductivity is computed by 
Fourier law:q = − k∇T, where ∇T is the temperature gradient and k 
denotes the thermal conductivity. 

The large-scale atomic/molecular massively parallel simulator 
(LAMMPS) software package [39] is used to perform the DPD and SPH 
simulations. The SPH-USER package in LAMMPS provides a framework 
and the implementation of SPH method. SPH discretises the mass dis-
tribution field into point masses, and the positions of the point masses 
serve as integration nodes for the field equations of continuum me-
chanics. To simulate the heat conduction by SPH in LAMMPS, a user 
command “fix sph/heat” needs to be coded and combined with the 
SPH-USER package for the establishment of hot and cold reservoir and to 
obtain the values of the added and subtracted heat. The code has been 
programmed by Zhou et al. [26,30] and details of the implementation 

Table 1 
DPD and SPH inputs mapping from physical units.  

Quantity Dimensions Value (DPD units) Value (real units) 

Mass M 1 4.80 × 10− 25kg  
Length L 1 1.13 × 10− 9m 
Energy E 1 4.11 × 10− 21J  
dt (DPD) L

̅̅̅̅̅̅̅̅̅̅
M/E

√ 0.01 1.22 × 10− 13s 

aii，aij  E/L 25 9.11 × 10− 11J/m  
rc  L 1 1.13 × 10− 9m 
γ 

̅̅̅̅̅̅̅̅̅̅̅̅
ME/L

√ 4.5 3.33 × 10− 12kg/s  

H  E/L2  40 0.129J/m2  

rm  L 4.0 4.52 × 10− 9m 
KH  E/L2  2675.8 8.63J/m2  

KA  E 38.9 1.6 × 10− 19J  
r0  L 0.6239 7.05 × 10− 9m 
θ0  – 180 180◦

dt (SPH) L
̅̅̅̅̅̅̅̅̅̅
M/E

√ 0.075 9.15 × 10− 13s 

cv  E/(MT) 1 2.87J/(kgK)

Fig. 2. (a) CG models of CNT/EP nanocomposites with different CNT volume fraction; (b) temperature profiles of CNT/EP nanocomposites; (c) relative thermal 
conductivities as a function of CNT volume fraction. (For interpretation of the references to color in this figure legend, the reader is referred to the Web version of 
this article.) 
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can be found in Ref. [40]. The units and the model parameters in both 
the DPD and SPH simulations are listed in Table 1. The values for the 
listed parameters values are chosen following refs. [26,30]. 

3. Results and discussion 

3.1. CNT/EP nanocomposites 

The DPD simulations are carried out in the NVT ensemble for 1 × 105 

time steps with an integration time step of 0.001 in reduced unit to 
achieve thermodynamic equilibrium. Then the SPH simulations are 
conducted to calculate the thermal conductivity of the system. 

In the SPH simulations to calculate the thermal conductivity, sta-
tionary SPH particles as boundary conditions are used, and the fixed 
boundary conditions are applied in the heat conduction direction (y- 
axis) and periodic boundary conditions is adopted in the other two di-
rections. The simulation box is subdivided into 20 slabs along the y axis. 
The first and the last two slabs are set as the hot side and cold side, and a 
constant amount of kinetic energy is added to/subtracted from the hot/ 
cold side at a regular time interval, respectively. 

A series of mesoscopic simulations is conducted to investigate the 
effect of the volume fraction of the CNTs on the thermal conductivity of 
the CNT/EP composites. First, the number of the CNTs is increased in the 
systems from 0 to 100 with an interval of 20, corresponding to the 
volume fraction of CNTs in the range of 0–18.75%. Fig. 2(a) shows the 
CG models of the CNT/EP composite with the volume fraction, vf, equal 

to 0%, 9.38% and 18.75%, respectively. The size of the simulation box is 
maintained as 22 × 22 × 22 in reduced unit corresponding to 24.9 nm ×
24.9 nm × 24.9 nm in real size. The total particle number in the system is 
kept 32,000 for both pure EP and CNT/EP composites. For example, for 
the simulation system with a CNT volume fraction of 18.75%, the CNT/ 
EP composite system consists of 2600 EP chains (10 particles in each 
chain) and 100 CNT (60 particles in each CNT). 

Fig. 2(b) shows the reduced temperature profile for the pure EP and 
CNT/EP composite calculated via SPH simulations under the same heat 
flux. Since the objective of this work is to find how the thermal con-
ductivity varies with the parameters, such as the volume fraction and 
length, only the relative thermal conductivity kr = k/k0 is focused on, 
where k is the thermal conductivity and k0 is the first data in each 
thermal conductivity series investigated. The calculated kr are shown in 
Fig. 2(c), in which the experimental results from Ref. [41] and the 
mesoscopic simulation results from Zhou et al. [30] are also provided 
and compared. The thermal conductivity of the composite increases 
with increasing volume fraction of CNTs and the calculated kr has a 
quadratic relation with the volume fraction of the CNTs, i.e., kr∝v2

f (kr =

63v2
f + 7.6vf + 0.96). The calculated results are in agreement with those 

in Refs. [30,41], in which thermal conductivity of the CNT/EP com-
posites has a quadratic relation with the volume fraction. The small 
difference between the calculated results and those by Zhou et al. [30] is 
likely related to the difference in the tube length, thus the computational 
methodology in this work is validated. 

Fig. 3. (a) CG models of CNTs with different CNT length and same mass density of the system; (b) temperature profiles at different CNT length; (c) relative thermal 
conductivities as a function of CNT length. (For interpretation of the references to color in this figure legend, the reader is referred to the Web version of this article.) 
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3.2. CNTs bed 

The CNTs bed is a typical randomly oriented three-dimensional (3D) 
network of CNTs. The CG models of CNTs bed with different CNT length 
and same mass density of the system are shown in Fig. 3(a). The CNTs 
are placed in a vacuum box, and the nanotubes can exchange heat 
through the interactions between the pairs of nonbonded beads. 

In order to investigate the influence of the length of CNT on the 
thermal conductivity of CNTs, a series of mesoscopic simulation models 

are set up with varying CNT length from 5.184 nm to 10.94 nm while the 
density of the system ρ = 0.1 g/cm3 and the number of CNTs NCNTs = 50 
are kept the same, as shown in Fig. 3(a). Fig. 3(b) shows the temperature 
profiles obtained in the heat conduction simulation. The gradient of the 
temperature profile decreases as the length of the CNT increases. Fig. 3 
(c) shows the variation of the relative thermal conductivity of CNTs 
increases with their length. By fitting the data of thermal conductivity 
vs. CNT length, the thermal conductivity of CNTs exhibits an approxi-
mately linear relation with the CNT length. 

Fig. 4. (a) CG models of CNTs with different CNT length and same system size; (b) temperature profiles at different CNT length; (c) relative thermal conductivities as 
a function of CNT length. (For interpretation of the references to color in this figure legend, the reader is referred to the Web version of this article.) 

Fig. 5. (a) Temperature profiles of CNTs with different mass density; (b) relative thermal conductivities as a function of mass density. (For interpretation of the 
references to color in this figure legend, the reader is referred to the Web version of this article.) 
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However, as shown in Fig. 3(a), the system size of the model in-
creases with increasing CNT length to keep both the mass density and 
the number of the CNTs constant. In order to check whether the linear 
relation is caused by the system size effect, a series of mesoscopic 

simulations are set up with the same set of CNT length yet the system 
size is kept constant at a mass density ρ = 0.1 g/cm3, as shown in Fig. 4 
(a). It can be noticed from Fig. 4(b) the temperature profiles obtained at 
different tube length vary less than those in Fig. 3(b). Such a difference 
should be due to the different cross section area of the models. Fig. 4(c) 
also shows the similar linear relation between thermal conductivity and 
CNT length. This indicates that system size does not play significant 
roles in the length dependence of thermal conductivity of CNTs. 

Moreover, the mass density effect on the thermal conductivity of the 
CNTs is investigated. Here a series of mesoscopic simulation models are 
set up with increasing number of the tubes from 20 to 140 with an in-
terval of 20, thus the corresponding mass density increases from 0.1 g/ 
cm3 to 0.7 g/cm3. The size of the simulation box and the tube length are 
kept same. The simulation results are shown in Fig. 5. It can be seen that 
the slope of the temperature profile becomes gradually smaller as the 
mass density increases. The calculated kr shows a linear relation with the 
mass density, as shown in Fig. 5(b). It is worth mentioning that such a 
linear relation is not consistent with the nonlinear relation calculated by 
the theoretical model by Volkov et al. [16,17], but agrees well with our 
experimental results [42] of SWCNTs where kr∝ρ was found. 

3.3. Graphene/epoxy composite 

A typical CG model of graphene/epoxy composite system is shown in 
Fig. 6. To understand the effect of the volume fraction of graphene 
nanosheets on the thermal conductivity of graphene/epoxy composite 
system, the volume fraction of fillers is changed from 0 to 18.75% by 
increasing the number of graphene nanosheets from 0 to 100, while 
keeping the total number of the particles in the system as 16,000. For 

Fig. 6. Coarse-grained models of graphene/EP nanocomposites. (For interpre-
tation of the references to color in this figure legend, the reader is referred to 
the Web version of this article.) 

Fig. 7. (a) and (b) Temperature profiles and relative thermal conductivities of graphene/EP composites with different graphene volume fraction; (c) and (d) 
temperature profiles and relative thermal conductivities for graphene/EP composites with different W/L. (For interpretation of the references to color in this figure 
legend, the reader is referred to the Web version of this article.) 
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each graphene nanosheet, the number of the particles is 30 and the 
width W to length L ratio (i.e., the reciprocal of aspect ratio) of the 
nanosheet W/L is set as 0.32. Fig. 7 shows the relative thermal con-
ductivity kr versus the volume fraction of graphene nanosheets vf . It can 
be seen that kr of the graphene/epoxy composite increase with 
increasing vf . A good fitting to a parabolic function indicates the thermal 
conductivity vs. volume fraction relation follows kr∝vf

2(kr = 130vf
2 +

7.58vf + 1.04). This is consistent with the experimental results by 
Fukushima et al. [43], in which thermal conductivity of the graphe-
ne/Nylon 6 composites has a quadratic relation with the volume frac-
tion, as shown in Fig. 7(b). Our results also agree with the experimental 
results by Gorelov et al. [44] that the thermal conductivity of the gra-
phene/EP composites has a quadratic relation with the mass fraction. 

The thermal conductivity of single-layered graphene is closely 
related to the aspect ratio of graphene [45]. To examine the influence of 
the aspect ratio of graphene on the thermal conductivity, the width of 
graphene nanosheet is changed while the volume fraction and the length 
of graphene nanosheets are kept constant in the simulations. From Fig. 7 
(b), we can see that the thermal conductivity of the composite 

monotonically increases with the aspect ratio W/L of graphene nano-
sheet. This can be explained by the lower thermal conductivity of the 
narrow graphene that has a stronger edge effect and boundary scattering 
at the edge due to its narrower width as reported by Su et al. [46]. 
Moreover, it also can be noticed that the increase rate of the thermal 
conductivity of the composite with the aspect ratio W/L will be slower 
when the shape of graphene is close to the square shape. 

3.4. CNT/graphene/epoxy composite 

Here the mesoscopic simulation based on DPD and SPH are con-
ducted to compare the thermal conductivity of the CNT/epoxy, gra-
phene/epoxy and CNT/graphene/epoxy nanocomposite. A typical CG 
model of CNT/graphene/epoxy system is shown in Fig. 8. In the simu-
lations, the total number of the DPD particles in the systems is kept the 
same as 7200. The lengths of the tubes and the graphene nanosheets are 
5.184 nm. Three models are set up for comparison: (1) vf = 16.67%, W/ 
L = 0.32; (2) vf = 10%, W/L = 0.32; (3) vf = 16.67%, W/L = 0.83. Here 
the volume fraction of the fillers in CNT/graphene/epoxy composite is 
the same. Fig. 9 shows the comparison of the simulation results. It can be 
observed that the thermal conductivity of the graphene nanosheet is 
higher than that of the CNT at the same vfwhile the CNT/graphene/ 
epoxy nanocomposite exhibits the largest thermal conductivity. This 
indicates that synergetic effect between the graphene and CNT can 
improve the thermal conductivity of the composites, which is consistent 
with the conclusions in experimental studies [33]. 

4. Conclusions 

In this study, the thermal conductivities of CNTs, graphene/EP and 
CNT/graphene/epoxy composites are investigated by mesoscopic sim-
ulations using DPD and SPH for the first time. An analysis of how the size 
and volume fraction of fillers affect the thermal conductivity of CNTs 
and/or graphene-based epoxy resin composites are presented. Such in-
vestigations can facilitate the understanding of the mechanism and 
microscopic parameters that govern the thermal conductivity of CNT 
and/or graphene-based materials at a larger scale. The proposed CG 
model holds the advantage of significantly reducing computational cost 
compared to full atomistic simulation. For example, the system of pure 
EP (as shown in Fig. 2(a)) contains a total atom number of 1,280,000. A 
full atomistic MD simulation of such a system is thus very computa-
tionally demanding. In fact, even a typical full atomistic MD simulation 
of heat conduction for a pure EP system containing about 4000 atoms 
requires 18 h with 12 cores; for an EP system with 1,280,000 atoms, it 
would require thousands of hours with the same of number of cores. 
However, the DPD and SPH simulations for such a large system only 
need 900s (0.25h) using 12 cores, which is approximately 0.04% of that 
needed for full atomistic model. 

Moreover, this work demonstrates that the mesoscopic simulation 
using DPD and SPH, which bridges the atomistic and continuum simu-
lation, can be an effective tool in analyzing the thermal conductivity of 
nanocomposites. However, it should be acknowledged that mesoscopic 
simulations using DPD and SPH for heat conduction analysis is still 
under rapid development and less mature compared to MD methods, 
therefore it deserves further study in order to be extensively applied in 
understanding heat transport phenomena. 
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Fig. 8. Coarse-grained models of CNT/Graphene/EP nanocomposites. (For 
interpretation of the references to color in this figure legend, the reader is 
referred to the Web version of this article.) 

Fig. 9. Comparison of the relative thermal conductivities of CNT/graphene/EP 
nanocomposites with different volume fraction of CNT/Graphene and different 
W/L. (For interpretation of the references to color in this figure legend, the 
reader is referred to the Web version of this article.) 
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